
!"#$%&'(") *$+") 
,-.": 

 /%0&-12#- 2500 &-3 

!"#$%&'( )*#+%&,- 



.*% "#$/01 23"% -+#(-3# +(,40*%&% - 
1999 5,'6 $%$ 7#8,(0%"9&%1 :#$/01 
+%81*0 !(*6(% ;,<=*%"1 - 
>#&==#"#(=$,8 ?,"0*#@&04#=$,8 
A&=*0*6*#.  



!&&,*%/01 
B#"9 "#$/00 – C*, 62#'0*9 ="6D%*#"1 - *,8, 4*, 8%*#8%*0$% 0 

%"5,(0*80$% #'0&3, 0 4*, 0@ #'0&=*-, – /#&*(%"9&%1 *#8% 
&%D#E /0-0"0F%/00. A'#1 ,2,2G#&&3@ %"5,(0*8,- &# 23"% 
+(0'68%&% &%80, &, 08##* '(#-&HH 0=*,(0H. 

AF64#&0# 8%*#8%*0$0 (%F-0-%#* %(@0*#$*6(&3E *%"%&* – *%"%&* 
,(5%&0F,-3-%*9 F&%&01, – $,*,(3E &#,2@,'08 +(,5(%880=*%8. 
!"4"&" I-$"0'% – C*, F%8#4%*#"9&3E 64#2&0$ '"1 
(%F(%2,*40$,- =",J&3@ =0=*#8. 

K&%&0# 0=*,(00 =-,#E '0=/0+"0&3 &#,2@,'08, 64#&,86, 4*,23 
,*"040*9 -%J&,# ,* -*,(,=*#+#&&,5,. 



?0<%5,( (570BC - 475BC) 



L%2"04$% ?"08+*,& 322 



«M& [?0<%5,(] +(0'%-%" 
-%J&#ED## F&%4#&0# 0F64#&0H 
%(0<8#*0$0, $,*,(6H ,& (%F-0" 0 
,*'#"0" ,* =(#'3 $,88#(4#=$,5, 
0&*#(#=%.» 

!(0=*,$=#& 



?0<%5,( 640", 4*, «&%4%"% 
8%*#8%*0$0 – C*, &%4%"% -=#@ 
-#G#E». 

                                                  
   !(0=*,*#"9 



?0<%5,( (%F-0" «*#,(0H 
0((%/0,&%"9&,=*#E 0 +,=*(,#&0# 
&#2#=&3@ *#"». 

                                              ?(,$" 



!=*(,&,801 

N#,8#*(01 

L#,(01 O0=#" 

76F3$% 



 O*,23 =-#=*0 80( $ /#"38 40="%8, 
&%8 &6J&% #'0&%1 %2=,"H*&%1 
8#(%, 8#"94%ED## (%==*,1&0#, 
$-%&* +(,=*(%&=*-%. 



 L%$,E 8#(3 &#*! 

P%$ 23 &0 8%"% 23"% 
&%D% 8#(%, #=*9 
,*(#F$0, $,*,(3# ,&% 
&# 8,J#* 0F8#(0*9. 



gcm(a, a) = a!

gcm(a, b) = gcm(a, a + b)!

a > b              gcm(a, b) = gcm(a - b, b)!

gcm(a, b) = gcm(b, a)!



line_segment gcm(line_segment a, 

                 line_segment b) { 

    if (a == b)   return a; 

    if (a > b)    return gcm(a-b, b); 

    if (a < b)    return gcm(a, b-a); 

} 



   196    42 
   154    42 
   112    42 
    70    42 
    28    42 
    28    14 
    14    14 Done! 

GCD:  14 



?0<%5,(#E/3 ,2&%(6J0"0, 4*, -=1$%1 
&0=@,'1G%1 +,="#',-%*#"9&,=*9 
&%*6(%"9&3@ 40=#" $,&#4&%. .*, 23"% 0@ 
<,(8% +(0&/0+% 8%*#8%*04#=$,E 
0&'6$/00. 

O*,23 ',$%F%*9, 4*, &#4*, /#",40="#&&,# 
&# =6G#=*-6#*, 83 ',"J&3 +,$%F%*9, 4*, 
#="0 ,&, =6G#=*-6#*, *, 0 &#4*, 8#&9D## 
#5, =6G#=*-6#*. 



?(#'+,",J08 4*, =6G#=*-6#* 8#(%, 
0F8#(1HG%1 =*,(,&6 0 '0%5,&%"9 
&#$,*,(,5, $-%'(%*%. L#+#(9 -,F98#8 
=%83E 8%"3E $-%'(%*, $,*,(3E 0F8#(1#*=1 
C*,E 8#(,E. 



A B 

C D 



AB = AF         AC !!  EF 

A B 

C D 

F 

E



F 

E

A B 

C D 

G F 

AC !! CG      EG !!  EF 



E

A B 

C D 

G F 

CF = EF = EB 



E

A B

C D 
G F 

gcm(AC,AB) = gcm(AB,CF)!

gcm(CE,CF) = gcm(AC,AB) 



E

A B 

C D 

G F 

EC > EB     > EB < AB/2!



73 +,=*(,0"0 8#&9D0E $-%'(%*, 
0F8#(1#83E C*,E 8#(,E. 
?(,*0-,(#40#! 



)*,(,&% 0 '0%5,&%"9 &,-,5, $-%'(%*%, 
+,"64#&&,5, ',$%F%*#"9=*-,8, +,"64%H*=1 
+,="# '-6@ D%5,- =62*(%$*0-&,5, %"5,(0*8%: 

d, s => s, d - s =>  2s - d, d – s 

!"#$%$&'#() (*#(+)#,) -)./0 #,-, 
1(23$#4)*14: 

       d/s = (2s - d)/(d -s)!



Q% =,-(#8#&&,8 1F3$#, ?0<%5,( ,*$(3", 
4*, R2 0((%/0,&%"#&. 



?"%*,& (427BC - 347BC) 



"#$%&$'()'*+   &),$-+   $-+-'% !



  S% &# -,E'#* =H'%  
           &#F&%HG0E 5#,8#*(00 



M&0 +(0D"0 &% "#$/0H ?"%*,&% , S,2(#, 
&%'#1=9, 4*, ,&0 6F&%H*, $%$ +,"640*9 -#G0, 
$,*,(3# 80( &%F3-%#* ',2(,8: '#&950, 0"0 
F',(,-9#, 0"0 =0"6. T="3D%- J#, 4*, ?"%*,& 
(%==6J'%" , 8%*#8%*0$#, ,&0 23"0 
+,"&,=*9H (%F,4%(,-%&3. 

     !(0=*,$=#& 



!"#$%& (325BC-265BC) 



Q#$*,, &%4%-D0E 0F64%*9 5#,8#*(0H, 
+(,D#'D0 +#(-6H *#,(#86, =+(,=0" 
I-$"0'%: «O*, 1 F%(%2,*%H, -3640- -=# 
C*,?» I-$"0' =$%F%" =-,#86 (%26: «S%E 
#86 %"*3&, 02, ,& @,4#* ,* &%6$0 
+,J0-0*9=1». 

)*,2#E, 523%&%6#)  



I-$"0' 5%(%&*0(6#* ,=*%&,-$6 %"5,(0*8% = 
+,8,G9H &,-3@ *0+,- +#(#8#&&3@: 

unsigned int gcd(unsigned int a, 
                 unsigned int b) {         
   assert(a > 0 && b > 0); 
   //    
   //   

 
   if (a == b)   return a; 
   if (a > b)    return gcd(a-b, b); 
/* if (b > a) */ return gcd(a, b-a); 
} 



Q,-%1 7%*#8%*0$% +(,*0- 
I-$"0'% 

U 1959, &% $,&<#(#&/00 640*#"#E 
8%*#8%*0$0 -, V(%&/00, W%& S9#',&&# 
$(04%" ”S,",E I-$"0'%!” 0 ”)8#(*9 
*(#65,"9&0$%8!”  

!. 5. 67&(- !"#$#%&'(%') *#+$#&(,) 
-(#./# , 0#1#(23



N,'3 6+%'$%: 212BC - 1202AD 

In summo apud illos honore geometria fuit, itaque nihil 
mathematicis inlustrius; at nos metiendi ratiocinandique 
utilitate huius artis terminavimus modum.  

)(#'0 &0@ [N(#$,-] 5#,8#*(01 23"% - -#"04%ED#8 
+,4#*#; &04#5, &# 23", 2"0=*%*#"9&#E 8%*#8%*0$0. 
73 [>08"1&#] ,5(%&040"0 +,"#F&,=*9 C*,E &%6$0 
+,'=4#*%80 0 -340="#&0180.  

B0/#(,&, 78098&"209#- :-0-1; 



if (a > b)    return gcd(a-b, b); 
              return gcd(a, b-a); 

?,4#86 a-b, % &# a%b? 



!"#$%&'# ()*%$+,)- (1170-1250) 



unsigned int gcd(unsigned int m, 
                 unsigned int n) {         
   while (n != 0) { 
     unsigned int t = m % n; 
     m = n; 
     n = t; 
   } 
   return m; 
} 



   196    42   196 = 42*4 + 28  

    42    28    42 = 28*1 + 14  

    28    14    28 = 14*2 + 0 

    14    0     Done! 

GCD:  14 



)08,& )*#-0& (1548 - 1620) 





)08,& )*#-0&: 

int gcd(int m, int n) {         
   while (n != 0) { 
     int t = m % n; 
     m = n; 
     n = t; 
   } 
   return m; 
} 



)08,& )*#-0&: 

polynomial<real> 
gcd(polynomial<real> m,  
    polynomial<real> n) {         
   while (n != 0) { 
     polynomial<real> t = m % n; 
     m = n; 
     n = t; 
   } 
   return m; 
} 



    3x2+2x-2 

x-2 3x3-4x2-6x+10 
    3x3-6x2 
            2x2-6x 
        2x2-4x 

           -2x+10 
           -2x+4 
               6 



P%(" V(0'(0@ N%6== 
(1777 - 1855) 



P,5'% '%&3 40="% A, B, C 0 *.'., 0@ 2"#$%&'(#< 
%$+#< 1-&#3-&' &%@,'0*=1 ="#'6HG08 
,2(%F,8. ?6=*9 -=# C*0 40="% 26'6* (%F20*3 
&% +(,=*3# 8&,J0*#"0, 0 0F &0@ -32#(#8 *#, 
$,*,(3# 1-"1H*=1 -, -=#@ 40="%@ A, B, C, … 

...73 F&%#8 0F C"#8#&*%(&3@ =,,2(%J#&0E, 
$%$ (#D0*9 C*0 +(,2"#83, $,5'% (%F20#&0# &% 
+(,=*3# 40="% &# '%&,... 

 N%6==, 5.#=>-3#4-09#- ?00&-1%@"2#) 



P%(" N%6==: 

complex<int> 
gcd(complex<int> m,  
    complex<int> n) {         
   while (n != 0) { 
     complex<int> t = m % n; 
     m = n; 
     n = t; 
   } 
   return m; 
} 



Q%@,J'#&0# ,=*%*$% ,* 
'#"#&01 '-6@ 5%6==,-3@ 40=#" 
O*,23 &%E*0 ,=*%*,$ ,* '#"#&01 z1 &% z2 
1.8 ?,=*(,E*# $-%'(%*&6H (#D#*$6 &% 

$,8+"#$=&,E +",=$,=*0, +,(,J'#&&6H  
z2 (-8#=*# = i*z2, -i*z2 0 –z2). 

2.8 Q%E'0*# $-%'(%* - (#D#*$#, $,*,(3E 
-$"H4%#* z1. 

3.8 Q%E'0*# -#(D0&6 $-%'(%*% w , 
2"0J%ED6H $ z1. 

4.8 M=*%*,$ (%-#& z1 - w. 





?#*#( N6=*%- :#J#& S0(0@"# 
(1805 - 1857) 



«L#+#(9 &%8 1=&,, 4*, -=1 =*(6$*6(% *#,(00 40=#" 
'#(J0*=1 &% ,'&,8 ,=&,-%&00, 08#&&,, &% %"5,(0*8# '"1 
&%@,J'#&01 &%02,"9D#5, ,2G#5, '#"0*#"1 '-6@ 40=#". 
U=# +,="#'6HG0# *#,(#83 … C*, *,"9$, C"#8#&*%(&3# 
F%$"H4#&01 0F C*,5, 0F&%4%"9&,5, ,*$(3*01, *%$ 4*, 
8,J&, 6*-#(J'%*9 ="#'6HG##: "H2%1 *#,(01, - $,*,(,E 
#=*9 +,',2&3E %"5,(0*8 '"1 &%02,"9D#5, ,2G#5, 
'#"0*#"1, ',"J&% *%$J# =,'#(J%*9 *# J# F%$"H4#&01, 
$%$ 0 &%D% *#,(01. A '#E=*-0*#"9&,, *%$0# *#,(00 
=6G#=*-6H*!» 

:#J#& S0(0@"#  
A-9B## /% 7-%.## C#0-& 



«I="0 83 -,F98#8 8&,J#=*-, 40=#" 
                            t + n!-a 
5'# a – 9(#93)*#() #$*03$&'#() %,1&(, t 0 n – 
+(,0F-,"9&3# /#"3# 40="% … *, *,"9$, '"1 
&#$,*,(3@ F&%4#&0E of a, &%+(08#(, a = 1, 
&%02,"9D0E ,2G0E '#"0*#"9 '-6@ 40=#" 8,J#* 23*9 
&%E'#& = +,8,G9H *%$,5, J# %"5,(0*8%, $%$ 0 '"1 ... 
/#"3@ 40=#". … .*, =,-=#8 &# *%$, $,5'%  a = 5. … 
Q%+(08#(, 21 = 3*7 = (1+2!-5)*(1-2!-5)…» 

:#J#& S0(0@"#  
A-9B## /% 7-%.## C#0-& 



>0@%(' S#'#$0&' 
(1831 - 1916) 



B#"3# %"5#2(%04#=$0# 40="% 

B#"3# %"5#2(%04#=$0# 40="% – C*, $,(&0 
8&,5,4"#&,- = /#",40="#&&380 
$,C<<0/0#&*%80 0 = -#'6G08 
$,C<<0/0#&*,8, (%-&38 #'0&0/#.  



  Es steht alles schon bei Dedekind! 

                                 .880 QX*#( 

(.*, -=X #=*9 6 S#'#$0&'%.) 

U=X = $,"9/%, +,"1, 0'#%"3, 8,'6"0... 



I-$"0' 0 N#**0&5#&  
•8 N%6== 

–8 ?(%-0"9&3# 8&,5,65,"9&0$0 
–8 ?1*3E +,=*6"%*   

•8 S0(0@"# 
–8 ?(,=*3# 40="% - %(0<8#*04#=$0@ +(,5(#==01@ 

•8 >08%& 
–8 Q##-$"0',-% 5#,8#*(01 

•8 S#'#$0&' 
–8 U,F(,J'#&0# *#,(00 0((%/0,&%"9&,=*#E I-',$=% 

•8 P"#E& 
–8 .("%&5#&=$%1 +(,5(%88% 

•8 N0"92#(* 
–8 M=&,-%&01 5#,8#*(00 
–8 !(0<8#*0F%/01 8%*#8%*0$0 



.880 QX*#( (1882 -1935) 



I="0 (%F-0*0# 8%*#8%*0$0 =#5,'&1D&#5, '&1 
&#=,8&#&&, +(,*#$%#* +,' F&%$,8 
%"5#2(%0F%/00, +(,&0$&,-#&01 
%"5#2(%04#=$0@ +,&1*0E 0 %"5#2(%04#=$0@ 
8#*,',- - =%83# (%F"04&3# 
8%*#8%*04#=$0# *#,(00, *, C*, =*%", 
-,F8,J&38 "0D9 +,="# (%2,* .880 
QX*#(.      

                     ?%-#" )#(5##-04 !"#$=%&'(,- 



Y%(*#"9 :##&'#(* -%& '#( U%('#& 
(1903 - 1996) 



S#'#$0&', QX*#(, -%& '#( U%('#&: 

template <class EuclideanRing> 
EuclideanRing gcd(EuclideanRing m,  
                  EuclideanRing n) {         
   while (n != 0) { 
     EuclideanRing t = m % n; 
     m = n; 
     n = t; 
   } 
   return m; 
} 



I-$"0',-3 $,"9/% 

•8 P,886*%*0-&,# $,"9/,(+, -, *) 
•8 V6&$/01 norm: Ring -> Unsigned 

–8norm(a*b) >= norm(a) 
–8"#$ %&'( a, b, )*' b != 0, +./"+01.20 
q, r, +,-.' /+0 a == q*b + r .  

  r == 0 || norm(r) < norm(b) 



S,&%"9' P&6*
(1938 -  ) 



U,F(%J#&0# P&6*%: gcd(1, -1) = -1!

template <class EuclideanRing> 
EuclideanRing gcd(EuclideanRing m,  
                  EuclideanRing n) {         
   while (n != 0) { 
     EuclideanRing t = m % n; 
     m = n; 
     n = t; 
   } 
   if (m < 0) m = -m; 
   return m; 
} 



           K%-0=0* ,* ,+(#'#"#&01! 



Q%02,"9D0E ,2G0E '#"0*#"9 – C*, '#"0*#"9, 
$,*,(3E '#"0*=1 "H238 '(6508 ,2G08 

'#"0*#"#8.  



P,&/#+/01 I-$"0',-% $,"9/% 

•8 M+#(%/00 0 0@ =-,E=*-% 

•8 7,'#"0 

•8 !"5,(0*83 



A,=0< ;*#E&(1961): 

 gcd(n, 0) = gcd(0, n) = n 
 gcd(n, n) = n  
 gcd(2n, 2m) = 2gcd(n, m) 
 gcd(2n, 2m + 1) = gcd(n, 2m + 1) 
 gcd(2n + 1, 2m) = gcd(2n + 1, m) 
 gcd(2n + 1, 2(n + k) + 1) = 
     gcd(2(n + k) + 1, 2n + 1) = 
        gcd(2n + 1, k) 



   196       42   

   98        21       2 

   49        21       2 

   28        21       2 

   14        21       2 

    7        21       2 

   14         7       2 

    7         7       2   Done! 

 GCD: 7*2 = 14                              



template <class BinaryInteger> 
BinaryInteger gcd(BinaryInteger m,  
                  BinaryInteger n) { 

  make_non_negative(m); 
  make_non_negative(n); 

  if (is_zero(m)) return n; 
  if (is_zero(n)) return m; 

  int d = 0; 

  while (is_even(m) && is_even(n)) { 
    half_non_negative(m); 
    half_non_negative(n); 
    ++d; 
  } 



     while (is_even(m)) half_non_negative(m); 

  while (is_even(n)) half_non_negative(n); 

  while (true)  
    if (m < n) { 
      n = n - m; 
      do { 
        half_non_negative(n); 
      } while (is_even(n)); 
    } else if (n < m) { 
      m = m - n; 
      do { 
        half_non_negative(m); 
      } while (is_even(m)); 
    } else 
      return left_shift(m, d); 
} 



;*#E& '"1 8&,5,4"#&,- 

A=+,"9F6E x $%$ 2! 



;*#E& '"1 8&,5,4"#&,-  

gcd(p,0) = gcd(0,p) = p 
gcd(p, p) = p  
gcd(x*p1,x*p2) = x*gcd(p1, p2) 
gcd(x*p1,x*p2+c) = gcd(p1, x*p2+c) 
gcd(x*p1+c,x*p2) = gcd(x*p1+c,p2) 
if degree(p1) >= degree(p2) 
 gcd(x*p1+c1,x*p2+c2) = 
  gcd(p1-(c1/c2)*p2, x*p2+c2) 
if degree(p1) < degree(p2) 
 gcd(p1,p2) = gcd(p2,p1) 



x3-3x-2             x2-4 
x3-.5x2-3x         x2-4 
x2-.5x-3            x2-4 
x2-2x                x2-4 
x-2                   x2-4 
x2-4                  x-2 
x2-2x                x-2 
x-2                   x-2  Done! 
GCD: x-2 



!"5,(0*8 U#E"#(*% '"1 5%6==,-3@ 40=#" 

A=+,"9F6E 1+i $%$ 2! 



S#"#&0# &% 1+i 

a+bi/1+i =(a+bi)(1-i)/(1+i)(1-i)= 
 (a+bi)(1-i)/2 = ((a+b) - (a-b)i)/2 

N%6==,-, 40=", a+bi '#"0*=1 &% 1+i *,5'% 
0 *,"9$, *,5'% a=b(mod 2) 



),$(%G#&0# ,=*%*$% 
I="0 '-% 5%6==,-3@ 40="% z1 0 z2 &# '#"1*=1 &% 1+i, *,  

z1+z2, z1-z2, z1+i*z2 0 z1-i*z2 '#"1*=1 &% 1+i. 

A, 

min (|z1+z2|, |z1-z2|, |z1+i*z2|, |z1-i*z2|) < max(|z1|, |z2|) 



!"5,(0*8 Damgård 0 Frandsen 

•8 !"5,(0*8 ;*#E&% *%$J# (%2,*%#* '"1 
40=#" .EF#&D*#E&% Z[Z], *, #=*9 /#"3@ 
40=#",  (%=D0(#&&3@ = Z (         ) 
(+(080*0-&3E $6204#=$0E $,(#&9 0F 1). 

•8 73 0=+,"9F6#8 1 – Z $%$ 2. 



  O*, *%$,# $,"9/, ;*#E&%? 



Q##-$"0',-3 $,"9/% ;*#E&% 

U 2004 Agarwal 0 Frandsen +,$%F%"0 4*, 
#=*9 $,"9/% - $,*,(3@ &# (%2,*%#* 
%"5,(0*8 I-$"0'%, &, (%2,*%#* 
%"5,(0*8 ;*#E&%.  



K%$"H4#&0# 

•8 A&<,(8%*0$% C*, 7%*#8%*0$% 



Y02"0,5(%<01 

7&,50# 0F $&05 - 202"0,5(%<00 
=6G#=*-6H* - +(#$(%=&3@ (6==$0@ 
+#(#-,'%@. 
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